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In the framework of the eddy dynamic model developed in two previous papers (Dubovikov,
M.S., Dynamical model of mesoscale eddies, Geophys. Astophys. Fluid Dyn., 2003, 97,
311-358; Canuto, V.M. and Dubovikov, M.S., Modeling mesoscale eddies, Ocean Modelling,
2004, 8, 1-30 referred as I-1I), we compute the contribution of unresolved mesoscale eddies
to the large-scale dynamic equations of the ocean. In isopycnal coordinates, in addition to
the bolus velocity discussed in I-1I, the mesoscale contribution to the large scale momentum
equation is derived. Its form is quite different from the traditional down-gradient parameteriza-
tion. The model solutions in isopycnal coordinates are transformed to level coordinates to
parameterize the eddy contributions to the corresponding large scale density and momentum
equations. In the former, the contributions due to the eddy induced velocity and to the residual
density flux across mean isopycnals (so called X-term) are derived, both contributions being
shown to be of the same order. As for the large scale momentum equation, as well as in isopyc-
nal coordinates, the eddy contribution has a form which is quite different from the
down-gradient expression.

Keywords: Density and momentum large scale equations; Isopycnal and level coordinates;
Bolus and eddy-induced velocity; Residual density flux; Reynolds stress; Vorticity flux

1. Introduction

In two recent papers (Dubovikov, 2003; Canuto and Dubovikov, 2004) referred to
below as I-1I, a dynamic model for mesoscale eddies was presented whose main pur-
pose was to parameterize the eddies in coarse resolution ocean general circulation
models (OGCM) that cannot afford a resolution better than a few degrees. As
Muller and Garrett (2004) have noticed, parameterizations of small-scale processes
“must be specified as formulae rather than just numerical values’. This general require-
ment is especially important for the parameterization of mesoscale eddies. The reason is
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that eddies are coherent structures and thus the eddy fluxes at a given depth are func-
tions of large scale fields not only at the same depth, but at all other depths. It is clear
that parameterizing such complex functions is quite difficult using the numerical
solutions from eddy resolving models which are being developed extensively at present
beginning with a pioneering study by Rix and Willebrand (1996). However, such
models may be useful to validate model parameterizations. The latter may be tackled
using either a phenomenological approach or some fundamental “microscopic” turbu-
lence model. Thus far only the former approach was employed. The most impressive
accomplishment is the well-known eddy induced velocity parameterization by Gent
and McWilliams (1990, hereafter GM; see also Gent et al., 1995) which has consider-
ably improved the performance of OGCMs in the description of the thermohaline
circulation and temperature distribution (Danabasoglu et al., 1994; Bonning et al.,
1995). On the other hand, the success of the GM model has given rise to new problems,
such as the mesoscale diffusivity dependence on the large scale fields, the fulfillment
of boundary conditions and the completeness of the model. The situation with eddy
parameterizations in large scales momentum equation is worse. In fact, on the one
hand, it is believed that the eddy contribution to the momentum equation is due
to the baroclinic instability, but on the other hand, the default sub-grid mesoscale
parameterizations in most OGCMs is still a diffusion of momentum with the eddy
viscosity determined by computational stability rather than by physical arguments.
As McWilliams (1996) pointed out, ““ Evidently the default sub-grid-scale mesoscale para-
meterization form of horizontal momentum diffusion is inadequate, for it fails to represent
the qualitatively important feature of wind-driven gyres.” As alternatives to the default
parameterization, it is worth referring to the phenomenological models by Gent and
McWilliams (1996) based on the Eliassen—Palm fluxes and by Greatbach (1998)
based on the diffusion of potential vorticity. The model developed in I-II is an alterna-
tive to the phenomenological approach. It is based on the dynamic turbulence model
developed by the authors in a series of papers listed in I. The model is derived from gen-
eral physical principles, does not contain adjusting parameters and is not geared toward
any specific flow. It was validated by testing against about 100 turbulent statistics in
a wide variety of flows.

To study the isopycnal ocean turbulence, in I-II, the general CD model was applied
to shallow water flows with small Froude and Rossby numbers. The major outcome of
the application is the generation of mesoscale eddies which, according to Richardson
(1993), ... are water-mass anomalies that have nearly circular flow around their
centers and that survive for many rotations and may move through the background
water at speeds and directions inconsistent with background flow”. The equations
for the eddy fields reduce to a vertical eigen-value problem, the real part of the
eigen-value yields the eddy size, while the imaginary part yields the eddy drift velocity.
The former was estimated to be of the order three times the deformation radius in agre-
ment with observations (Stammer, 1997, 1998). The equations for eddy fields allow us
not only to compute different eddy fluxes but also to follow the energy transfer from
sources to sinks. By analyzing the latter problem we derived not only an ocean
analog of the Lorenz diagram of energy exchange between eddies and large scales estab-
lished in the atmosphere from observations (Holton, 1992, pp. 341, 342), but we also
have worked out the details of the transfer within eddies. From the practical viewpoint,
model dynamic equations allow us to parameterize the eddy fluxes to be used in coarse
resolution OGCM’s. In I-II only the bolus velocity in isopycnal coordinates was
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computed since it is crucial in the analysis of fundamental problems such as the energy
exchange between large scales and eddies.

The purpose of the present paper is two-fold. First, we present the details of the
model technique for computing eddy fluxes. Second, we present the complete set of
expressions for eddy fluxes in terms of large scale fields which is required for mesoscale
eddy parameterizations in coarse resolution OGCMs. We complete the solution of the
problem in isopycnal coordinates in the mean momentum equations (section 2.2).
In addition, we find more accurate approximations for eddy kinetic energy and eddy
production than in I-II (section 2.3). The latter result is almost model independent
(only the horizontal locality of the production is assumed that is justified within the
present model). Besides, we develop a somewhat different approach to analyze the dis-
sipation of eddy energy which allows us to obtain eddy parameterization containing
only one global (flow independent) parameter C;~ 1 . In section 3 we consider eddy
parameterization in level coordinates. The transformation from isopycnal to level coor-
dinates is a non-trivial problem due to the random nature of isopycnal surfaces
(McDougall,1998; McDougall and Mclntosh, 2001). In particular, starting from
GM, the density equation accounts for the eddy induced velocity but neglects the resi-
dual density flux across mean isopycnals X (see, e.g., Treguier et al., 1997). However, as
shown by the simulations of Gille and Davis (1999), the contribution of ¥ is important.
The present model confirms this conclusion (see section 3.1.2) and yields a para-
meterization of ¥ in terms of large scale fields. In this relation, it is worth recalling
that in the framework of the temporal-residual-mean velocity formalism (McDougall
and Mclntosh, 1996, 2001), the X-term does not appear. In fact, in this approach, ver-
tical coordinates are the large scale mean heights of isopycnal surfaces. For this reason,
the corresponding dynamics is equivalent to that in isopycnal coordinates. As for eddy
parameterization in the mean momentum equation, the results in both isopycnal and
level coordinates are quite different from the default down-gradient parameterization
confirming the above remark by McWilliams (1996) (see Sections 2.2 and 3.2).

2. Eddy parameterization in isopycnal coordinates

2.1 Review of model dynamic equations

In I-IT we derived the eddy dynamic equations in isopycnal coordinates in Fourier
representation within horizontal (isopicnal) surfaces (i.e., considering eddy fields as
functions of 2D wave-vector q and of the vertical coordinate which is the potential den-
sity p). It was shown that in the vicinity of the maximum of the energy spectrum at
wave-numbers ¢ ~ g, the equations yield coherent structures which are the mesoscale
eddies. In that region, all eddy fields may be expressed in term of one of them, say,
the mesoscale Bernoulli potential B'. Specifically, the eddy contributions to the layer
thickness, /’, and to the height of an isopycnal surface, z/, are expressed through B’
in equations (I.14d) and (I.4c). As for the eddy velocity field U'(q,p), it was decom-
posed into solenoidal (divergence free) and potential (curl free) components s and §
(sec (I.5¢,f) and (I1.4g)), which are expressed in terms of B’ in equations (I.14c,a) and
(I1.10a,b). Equations (I.5f,14c) and (I1.4g,10a,b) imply that the field s(§) is the geos-
trophic (ageostrophic) component of the eddy velocity in Fourier space. The field B’
was found by solving the eigen-value problem (equations (I.15,16) and (II.11)), with
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boundary conditions (I.19a,d). The solution of the eigen value problem is simplified due
to the following hierarchy of time scales:

qot < qoK'"? ~ v~ 3 <f (1a)

which allowed us to solve equations (I.15,16) perturbatively expanding the solution in
powers of Qt, Q7. In fact, if we adopt a Gaussian approximation for eddy spectra in
the vicinity of their maxima ¢o', from equation (I.8b) we obtain

5= 20k, (1b)

where K is eddy kinetic energy averaged within an isopycnal surface.” From (1b) and
(I.16¢—£,20,25m) (or (II.11d,e)) we deduce that

Qt~ Qr~ia/K"? <1, (1c)

which justifies the application of a perturbative approach to solve the eigen-value prob-
lem (I.15,16). Even though the parameters (Ic) are not so small, the perturbative
approach is applicable since corrections to the zeroth order approximation turn out
to be of the second order in €2 7 (this is because variables (1c) are multiplied by i
in (I.16a), (I1.11b)). By solving the eigen-value problem in the zeroth order, ¢, and
the eddy size were expressed in terms of the Rossby deformation radius, (see (1.25g),
(I1.13b)). In the first order, we found the eddy frequency and eddy drift velocity,
(see (1.20, 25m,n), (II.15c—e)). Below we quote these results since we shall often
refer to them?:

l/2rd

qal = 0y 5 W] =(q-uy, (1d)

u =@+ +o) 'e—fril+o,") e, x (h7'V,h), (le)

where c is the velocity of the barotropic Rossby waves and the averaging operation (A4)
is defined as

0b o =1 rpy _
<A>EU r‘/z(mhdp} / AP (o)h dp, (1f)
P p

s s

where

['(p) = K(p)/ K (1g)

"In I, IT a Kolmogorov form for the energy spectrum was adopted;this could create the impression that the
results critically depend on this assumption whereas in reality for different spectra, the results change not
more than 10-20%.

In I, II we used the notation K for the kinetic energy within the eddy whereas the averaged one equals F,K
where F, is the eddy filling factor. In the present paper we give up F, since it results in apparent additional
free parameter in eddy parameterization in coarse resolution computations.

*In 1, 1T we omitted the subscript pin V.
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is the normalized profile of eddy kinetic energy (K, is the surface kinetic energy).
The notation w,; in (1d) implies that the result is of the first order in €, ;7. Since in
the vicinity of ¢, eddy fields can be expressed in terms of one of them, in this region
the spectra of the eddy second-order moments (e.g. eddy fluxes) can be expressed in
terms of one of them, say, the energy spectrum E(q,). Assuming that the spectra are
concentrated in the vicinity of ¢y and that their widths are more or less similar, one
can express the eddy fluxes in terms of eddy kinetic energy K. In I, I we computed
the thickness flux related to the bolus velocity (equations (I1.28) and (II.17a,b)),
which plays a central role in the energy exchange between mesoscale eddies and large
scale 1ﬁzelds. Below we quote the final results with the correction commented in foot-
notes :

u, = () ' = —«;S, (1h)
S=7h"'V,h— <Z’1V,ﬁ) + 271 + 07 Ye, x (u—(u)), (1i)
kn(p) = 207" raK' " (p). (1j)

2.2 Eddy parameterization in the mean momentum equation

In the large scale momentum equations, the mesoscale contributions are represented
by the adiabatic and diabatic momentum fluxes A and A? formed by isopycnal
and diapycnal turbulence which are well separated in wave-numbers within isopycnal
surfaces. The former occurs at eddy scales ~ r;, whereas the latter occurs at
[y ~ 10>—103m. The present eddy model considers only the adiabatic term A which
is usually parameterized as a down-gradient term (Bleck, 1998, 2002). Thus, we
adopt the adiabatic approximation for the momentum equation, (see equation (I.2a)),
which we rewrite as

ou 1 1
g T 3Ve(10F) + (0, xu=—"V,B. (22)

where ¢ is the kinematic vorticity
= (V,xu) e, (2b)

Splitting the velocity field into large scale and turbulent components, we obtain the
equation for the former

ou . S .
E—l— (f+¢)e,xu=~V,B— 5Vp|“|2 — A%, (2c)

where

A"=V,K +e,xF, (2d)
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and F, is the flux of the fluctuating kinematic vorticity
Fo=0uw (3a)

which, much as K, must be expressed in terms of large scale fields.
To compute the flux F,, we split it into the geostrophic and ageostrophic components

F, =F,+F,  F,=0u, F,=7ou, (3b)
Then A (2d) is split
A=A, + A, A, =V, K+e,xF,, Ay =€, % Fyp. (3¢)
Since ug is divergence free and ¢’ (2b) is contributed only by u,, one can derive from (3b)
e, xF, =V, [R], (3d)
where [R,] is the traceless component of the geostrophic Reynolds stress
R, = uju;. (3e)
In (3d) we adopt the following notation for an arbitrary tensor A

1
[A]l=A - EépTrace A, (31)

where 0, is the 2D Kroneker tensor in an isopycnal surface. The expression for A, in
(3c,d) together with

R, =0,K + [R,] (32)
may be presented in the more compact form
A, =V,-R,. (3h)

It is worth noticing that in the framework of the present model, it is difficult to com-
pute F, directly from the definition (3b) since the model yields all results as expansions
in powers of the small parameter o = r;/L, where L is the length scale of mean fields.
At the present stage, we can compute only terms of the zero power of @. But such a con-
tribution to F, vanishes, as it follows from equation (3d), in the limit L — oo that
implies V, — 0 when applied to mean fields and mean momenta like R,. We confirm
this conclusion below from a different analysis. Thus, instead of computing e, x Fy,
we compute R,. Details of the computation are presented in Appendix A. Below we
present the result for [R.] which is contributed mostly by the barotropic component
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which is of the second order in the small parameter (1c):

Ryl = 51+ 2611+ 11T + L1 — T3] - T3] (da)

where the vectors I, , and tensors T; , are given by

I, = c2(SsgnBy), L = —(I7'?8),, (4b)
Ti = (@ — ug)(@—u)l'""*sgnBy),. (4¢)
T = —c (@ — ug)(@ — uy)),, (4d)
o = (M) sgnBr)o. ¢ =201, (40)

where S and u; are given in (1i,e), and the averaging operation (X), is defined for any
function X(p) as

Pb _
(X)o=—H"" X(p)h dp, (4)

Ps
where H is the ocean depth.
Next, we compute A, employing equations (3c,b), (2b). To this end, we begin by

deriving the expression for the ageostrophic vorticity flux F,(q) in g-space taking
into account that here the ageostrophic velocity coincides with the component §(q):

8(q — q)F,,(a) = Re{Z(@F (@)} (52)
From the definition of the kinematic vorticity (2b) in q-space we get
(@) =iq x u'(q)-e,. (5b)
Substituting the decomposition (I.5e,f), we obtain
¢'(q) = —igs(q) (5¢)

i.e., only the geostrophic component of the eddy velocity field contributes to ¢’. From
equation (5¢) it follows that because of the imaginary factor i, the result for f?g(q)
obtained by substituting § — s in (5a), equals zero. However, as we have discussed
after (3h), this conclusion is valid only in the limit L — co. That is why we have
computed F, in the different way.

Next, we substitute (5¢) into (5a). With (I.14a) we obtain

8(q — q)F ,,(q) = —f~'qonq- (@ — uy + ¢) s(q)s*(q). (5d)
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Let us integrate this equation over q' and take into account the definition of the kinetic
energy density in g-space

N 1 1
8(q—q)E(q) = iu’(q)u’*(q’) ~ ES(q)S*(q’). (Se)
We obtain

Fue(q) = —2/"'qonq- (@ — u, + ¢)E(q). (5f)

Finally, integrating (5f) over n and using the general definition of spectra
F@=q [ Fadn.  n=a/ll (5

we derive

Fuo(q) = =g/~ (@ — ug + ) E(q). (6a)

In arriving at this result, we have taken into account the approximate axi-symmetry of
eddy fields, specifically E(q) = E(g), and that, for any constant vector A,

/nn-Adn = 7A. (6b)

Recall that (5d.f) and therefore (6a) are valid only in the vicinity of the maxima of the
spectra, i.e., at ¢ &~ ¢go. Assuming that the main contributions to F,, and to the eddy
kinetic energy K come from the maxima of the spectra and taking into account (1d)
and (I.6e), we obtain the final result

_ -1,
Fo = [#'es = (o f) '@ —up)K. (60)
Thus, the final result for A? following from (3c,h), (6¢) is
P — N1
AT =V, Ro+ (B e+ (0df) @ —up) ke, )K, (6d)

which expresses the isopycnal eddy momentum flux in terms of large scale fields
(with account of (4)) and the eddy kinetic energy. The dominating term in (6d) is
V,K. We evaluate its contribution by substituting |V,| ~ 1/L and typical values
L~ 10°m and K ~ (1072 — 1073)m?s~2 to obtain (10~ — 10~?)ms—2. The very pres-
ence of this term does not depend on mesoscale modelling. Meanwhile the default
parameterizations of A“ is the down-gradient model (Bleck, 1998, 2002) in which the
sub-grid turbulent viscosity is chosen on the basis of computational stability (Gent
and McWilliams, 1996). Bleck’s (2002) choice of the turbulent viscosity ~ 10*m?s~!
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yields |A?| ~ 107'"ms~2 which is much smaller than (6d) and has quite a different
functional structure.

To apply the results (1h—j), (4a—e), (6d) to course resolution OGCMs, one still needs
to express the eddy kinetic energy K, its surface value K and the normalized profile I" in
terms of large scale fields. Because of the importance of this problem, we solve it in the
next sections more accurately than in papers I, II.

2.3 Eddy Kinetic Energy in Terms of Large Scale Fields

As discussed in I, 11, the value of K is determined from the equilibrium between the pro-
cesses of eddy production by large scale potential energy at scales ~ r; and eddy energy
dissipation at scales /; < 1 km. The analysis of these processes requires quite a different
approach which we develop in the subsequent sections.

2.3.1 Production of Eddy Energy. We begin the analysis by considering the evolution
of the eddy potential energy

1 J—
W= §N22/2, (7a)

where N is the Brunt-Waisala frequency. The analysis requires the evolution equation
for z(p) which in the adiabatic approximation is

3
a—j —w—uV,z, (7b)

where w is the vertical component of the velocity. Splitting all fields into mean and
fluctuating (eddy) components, we deduce

oz’ _ _ o
a_j =w —uVy,Z—u-V,z— (W-V,Z —w-V,7). (7¢)

Multiplying this equation by z’ and averaging, we obtain

%(%?2)+ﬁ-V,,(%z_/2>+%u/-v,,z/2=W—W-v,,z, (7d)
With accuracy to the factor p/g, the variable (z2/2) is the eddy potential energy per unit
interval of density and per unit horizontal area. Thus, the second and third terms in the
left hand side of (7d) represent the advection and diffusion of eddy potential energy
whereas the right hand side represents production. As McDougall and Mclntosh
(2001) have argued, the diffusion term is much smaller than the advection since the
former is a third order term in fluctuating fields. In Appendix C we show that the
advection term is much smaller than the production. This implies that the production
of eddy potential energy is local, i.e., its rate is determined by the production in the
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same place. Neglecting the second and third terms in the left hand side of equation (7d),
multiplying the equation by N” and using (7a),we get

% = N*(WZ —uz-V,z2), (7e)
where we have assumed that the characteristic time of variation of N is longer than that
of the eddy potential energy.

Before computing the production of eddy kinetic energy, from equation (7a) we
deduce the expression for w' in terms of the isopicnal component u" which we will
refer to henceforth. Differentiating (7b) with respect to p and subtracting the evolution
equation for 1 = z, (I.2b) we obtain the relation

w, = —hV,-u, (8a)

which is the isopycnal counterpart of the continuity relation w, = —Vy-u in
z-coordinates. To write the corresponding relation for the eddy components, we
employ the condition which we also will often refer to henceforth

W, Z(p)
=z ~—<K 1 8b
h - H (8b)

In fact, z* estimates the characteristic variation of a level z(p) within eddies which
is approximately 10>m (Richardson, 1993), whereas H > 10°m. Therefore, the
ratio in (8b) is ~ 0.1. In practice, it becomes even smaller when we consider
the filling factor of the eddies within a given flow. The latter is about few tens of a
percent. Then

22 ~ 10°m? (8¢c)

and the ratio in (8b) is ~ 31072, Using condition (8b) and splitting (8a) into mean and
fluctuating components, we obtain

W= —hV,u. (8d)

To analyze the eddy kinetic energy production, we multiply equation (I.4a) for the
eddy velocity by u’ and average. We obtain

1— —\ 1— S
8,(§|u’|2) + ﬁ-Vp(§|u/|2) +§u"Vp|u’|2 =—p 'W-V,B. (9a)

By analogy with equation (7d) for eddy potential energy, the second and third terms on
the left hand side of (9a) yield the advection and diffusion of eddy kinetic energy which
are small in comparison with the right hand side which yields the production of K,
i.e. the production of K is also local. This is shown in Appendix C. Next, we
transform the production term (which is contributed by the ageostrophic component
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of eddy velocity u/, only) as follows:

a— S -1 ey
IW /=Vp'u;B’Jrh_l%(w/B’)—gh‘lw/Z’, (9b)

u-V,B=V,UB+h

where we used equation (8d) and the first relation in (1.6d).

Substituting equation (9b) into (9a), we notice that the first term in the right hand
side of (9b) may be neglected since it is of the same order that the second term in the
left hand side of (9a) because, as we show in Appendix C,

Fzp=uB = pu—u,;+c)K. (9¢)
Thus, in the local approximation from equations (9a—c), we obtain

K _ (h)‘ (wa/) N>wz. (9d)

Summing equations (7¢) and (9d), we get

0Eo(
ot

= —(ph)~! (w’B’) N*Z-V,z, (10a)

where E, = K + W is the total eddy energy. Multiplying this equation by —hdp and
integrating over the whole depth, we obtain P,, the column production of the total
eddy energy per the unit horizontal area. The integration of the first term in r.h.s.
yields zero since w' = 0 at the surface and bottom. Thus, we have

0h _ Ob _ o
P. = —p_l / W'VPBP dp = p_l / V,B- %(u/z/) dp, (10b)
p.

Ps

s

where we have used again the first relation (I.6d) and accounted for the boundary con-
dition 2’ = 0, (I.19a,d), at the surface and bottom. Substituting the geostrophic relation
between the mean velocity and V,B, we obtain the final result

Lb _
—f/ e, xu-u,/idp, (11a)
Ps
where we introduce
u =/%-13(W), (11b)
P 8,0

which can be called the eddy production velocity and which relates to the bolus velocity
(1h) as follows:

U, = U, + Uy, (12a)
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where

w,=h""Zu. (12b)
Using the geostrophic relation
u, = (g/fpo) [e,xV,7], (13a)
(12b) becomes
1—
u, = —(N?*/f) [ep x V,,<§z’2>]. (13b)

When estimating (13b) with /' ~ 107*s~!, the typical values for |V,| ~ L' ~ 107¢m™!,
N?~10 —3s72 and (8c), we obtain |u.|~ 10"*ms~' which is smaller than
u, ~3-103ms~" at least in order. The former evaluation looks unexpected since
when differentiating in (11b), both resulting terms are seemingly of the same order.
The reason for the reduction of the second term in (12a) is the weak correlation in
(12b). This fact comes about quite directly. In fact, while in (13a)
Vol ~r;'~3.10°m™!, in (13b) in the limit of the homogeneous flow |V,| — 0
which in real flows is replaced by |V,| ~ L™ ~ 10°m~!. The above evaluation of
u,, is confirmed by computing (12b) in the framework of the present model with use
of (13b) and (7a)

U = —(N?/f)[e, x V,(W/N?)], (13c)

which yields the same |u,,| ~ 10~*ms~! with accounting for that W ~ K. Thus, in
(12a) the second term can be omitted adopting instead

u, & u,. (13d)

Still, in Appendix D we obtain the expression of W (and therefore u,,) in terms of large
scale fields and the surface value K, (which, in turn, is expressed in terms of large scale
fields in the end of the present section):

2
W =o(porafg”’ )2N2 [% (Bl(/)))} K, (13¢)

where Bj(p) is the eigen-function of (I.25b) normalized B;(p;) = 1.

Let us evaluate a typical column eddy production by substituting approximation
(13d) into (11a) together with the typical values &~ 10~>ms™!, u, ~ 10 ms~' and
the dynamical ocean depth ~ 1km. Then we obtain P, ~ 10~° m3s ™ that corresponds
to the global eddy production ~ 0.3TW to be compared with the rate of a global work

done by the wind ~ I'TW (Wunsch, 1998).



Dynamic model of mesoscale eddies 31

To interprete relation (11a), it is convenient to rewrite it in the approximation (13d).
Substituting (1h—j), after simple manipulations and use of (1f), we obtain

Pe = K fra(¢r + o), (14a)
o =20 [T, x = @)V, (14b)
Py
b2 =201+ [ - @ idp (140
Ps

In addition, we have
¢1 >0, ¢, <0. (14d)

While the second inequality is obvious, the first one follows from (I.45b,c) since
¢1 ~ —13 4 (1.45b). Result (14) has a simple interpretation: ¢, represents a positive con-
tribution to the eddy production due to the baroclinic instability while ¢, represents an
eroding action of mean velocity on the coherent structure of eddies since the eddy drift
velocity differs from the mean velocity field (compare with the discussion of the approx-
imate formula (I.44a)). Even though result (11a) is almost model independent (it
requires only the horizontal locality of eddy production), the representation (14) and
its interpretation is in the framework of the present model.

2.3.2 Dissipation of eddy energy. As shown in I, the release of eddy potential energy
occurs at the scales which correspond to the spectral Rossby number of the order 1. At
these scales, as it follows from equation (1.38c), Ro(g) relates to the spectral Richardson
number

Ri(g) = N?/S%*(q) = CxkRo7'(¢), Cg~ 1. (15a)

Therefore, in the considered region Ri~ 1 that is the condition to generate the
diapycnal turbulence which leads to the eddy energy dissipation ¢, Below we show
that (15a) together with results (I.38a,b) allows us to parameterize €, with a globally
invariant factor. To simplify the further analysis, as a first step we idealize the process
of releasing eddy potential energy by assuming that it occurs at a fixed wave number g.
Introducing the notations Ro = Ro(g), S = S%(g) and Ri= Ri(g), we can represent

s = CIF(RI)S 22, (15b)

where Cg ~ 0.15 is the Smagorinsky-Lilly constant which we separate so to normalize
the monotonic function F(x) as follows:

FO)=1, F(x)=0 for x> Ri,, Ri,~l. (15¢)
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As for the vertical scale of the diapycnal turbulence, Z’, it is deduced from
results (I.38a,b) and (15a)

7 =C/Ri"*Ny~', C, ~1. (15d)
It is convenient to transform (15b) into the form
s = CARIPPF(RIN 2, (15¢)

We can decrease the number of unknown variables by expressing ¢ in terms of Ri with
use of (15a) and (I.37¢,39¢)*

G =Coyf’ KPR, ~ 1. (15f)
Finally, from (15d—f) we deduce
€1 = AqN(fra)”' K2, (16a)

where
2 2 152 s
Aq = Cgaq, a4 =C;C,/ Ri F(Ri). (16b)

Because of the monotony of F(x) and condition (15¢), Ri'/?F(Ri) < 1. Then it is
convenient to rewrite (16b) as follows:

A4, =1072C;', C,< 1. (16¢)

To evaluate a typlcal €, we substitute into (16a) N ~31073s7', r; ~310*m
and K ~ 21073 m?s ~ that corresponds the typical eddy energy ~ 10~ 2m s’ and the
filling factor of the order a few tens percents. Then we obtain e; ~ 107° m2s™ that is
in accordance with the evaluation of the eddy production performed below (13e),
and with direct measurements (Gargett et al., 1981).

Really the Ro-region where releasing eddy potential energy occurs, is spread around
some Ro~ 1 that results in substituting Ri'?F (Ri) —> [ Ri'2F(Ri)P(Ri)d(Ri) in
(16b) where P(x) is some probability distribution function. We stress that all constants
in equations (15,16) are flow independent, at least, approximately. One of consequences
of the independence is the approximate ul’llVCI‘Sdhty of the flux Richardson number R,
and related to it the ratio y =¢€,/€, = Rf(l — Ry)~! which is thought to be about 0.2
(Wunsch and Ferrari, 2004), where ¢, is the fraction of the dissipation available to
vertically mix the density field and €, is the viscous dissipation.

“*There is a misprint in (I.37c) where ¢ has to be in the power 1/3 instead of the written one 1/2.
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2.3.3 Surface eddy Kkinetic energy in terms of large scale fields. Since the eddy
production is almost horizontally local, we can equate the column eddy energy produc-
tion, equation (11a), to the column eddy energy dissipation which is obtained by inte-
grating expression (16a) over the depth, i.e. multiplying (16a) by —Adp. Since in any
case the locality of the production is approximate, we use approximate relation (13d)
in (11a) that leads to expressions (14a—c) for the production. Substituting also definition
(1g) into (16a), we obtain the following result for the surface eddy energy

K, = C10*(fra)*(¢1 + ¢2)/ 3, (17a)

where ¢, » are given in (14b,c) while

¢ = / " NI (o)idp. (17b)
p

s

As we discuss in section 4.6 of I, result (17a) which is close to result (I.48b), is valid only
if it yields K; > 0, otherwise the model leads to K;=0. It is worth noticing that (17a) is
rather close to result (I.47) with the two important differences: (1) (17a) is based on the
more accurate and model independent expression for the production, equation (11a), in
comparison with analogous relation (I.44a); (2) The unknown constant C; ~ 1 in (17a),
as discussed above, does not depend on large scale fields, i.e. is globally invariant while
the constant F, in (I.47a,48b) which is defined in (I.46e), relates to C,; as follows:

- ob _ =1 rop _
Fe:102Cd|: (N/f)rm(P)th} / I*2(p)hdp (17¢)

Ps s

and thus depends on the stratification. This relation is deduced by equating the column
dissipation obtained from equations (I.46a,b, 39¢) on the one hand, and from equation
(16a) on the other.

To compute K, with use of equation (17a), we need the normalized kinetic energy
profile I'(p), (1g). In the zeroth order of the parameters € »t, we have (see(1.48a))

o= BXp) with Bi(p) =1 (18a)

where Bj(p) is the eigenfunction of (I.25d) with the boundary conditions (I.19a,d). To
find more accurate value of K, with use of (17a), we need the next approximations for I
which we find in the next subsection more accurately than in paper I.

2.3.4 Normalized eddy Kkinetic energy profile in terms of large scale fields. As we
discuss in Appendix A, the correction AT = I'(p) — ['¢(p) to the zeroth approximation
(18a) is of the second order of .t and is contributed mainly by the barotropic
component to be

AT = [zoBf(p)][C + c1>1$ +1; -1, + trace(T; + Tz)}/KS (18b)

where I; 5, Ty 2, ¢1,2 are given in (4b—f).
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Equations (18a,b), (17a,b), (14b,c) are the system for determining I'(p) and K,
which can be solved perturbatively. As we have mentioned just above, the zeroth
order solution for K can be found from equation (17a,b), (14b,c) by substituting
there the zeroth order approximation (18a) for I'. To compute corrections to I'y, in
the right hand side of (18b) (with account for (4b—f)) we may substitute I'y and the
found value of the zeroth approximation for K. This procedure has to be slightly
modified when one computes I, (4b), since in this case integral (4f) diverges in the
approximation (18a) in the region where Bj(p) — 0. To overcome this problem, one
may substitute Bj(p) — « in the region where |Bj(p)| < « and choose, say, « =0.2
or even more.

3. Eddy parameterization in level coordinates

The problem of the transformation of subgrid terms from isopycnal to level coordinates
is, generally speaking, rather complex due to the random nature of the density field.
However, due to condition (8b), the coordinates transformation problem can be
solved perturbatively as an expansion in powers of /'/h. The complete solution of
this problem is presented in the works by McDougall (1998) and McDougall and
Mclntosh (2001). Using the transformation formulae, one can express sub-grid eddy
second order moments which are present in equations for large scale fields in level coor-
dinates, in terms of analogous moments in isopycnal coordinates. The latter, in turn,
are computed in the framework of the present eddy dynamic model. Below this
method of eddy parameterizing in level coordinates is applied to the equations for
large scale density and momentum.

3.1 Eddy parameterization in the large scale density equation
We begin with the large scale density equation in the Boussinesq approximation

I

— o = = 3
o TV ﬁ+a—pw+VH-F§’4+—FAV4+G=0, (19a)
Z

0z

where

FIA}'I =u"p” and FA'; =w'p’ (19b,¢)

are the horizontal and vertical components of the 3D-sub-grid mass flux; u,w are
analogous components of 3D velocity U, A denotes an average value while ” marks fluc-
tuating fields in level coordinates, Vy is the gradient operators in 2D-space at a fixed z.
G is the diabatic term. In coarse resolution OGCM’s equation (19a) is usually consid-
ered in the following equivalent form (Andrews and Mclntyre, 1976; see also Treguier
et al., 1997):

B _ B
a—’t’+(ﬁ+u+)-vyp+(w+w+)a—’z)+zz+c;:0, (19d)



Dynamic model of mesoscale eddies 35

where (u™, wh) is the 3D eddy induced velocity (see Gent et al., 1995) which is an analog
of the bolus velocity u, and which is related to the fluctuating fields via

— —1
a0 | [0p\ ==
+_ _ N 1
" oz |:<82) e :|’ (19)

z 0
Wt = — f Vieut(r ) de = f Vieut(e, &) de. (19)
Zp z
Finally
8: -1
= Fl+ (5) Fl -V, (199)

which is nothing but a residual density flux across mean isopycnals. Even though all
fluxes across true isopycnals vanish in the adiabatic approximation, this is not the
case for X (see details in Dubovikov and Canuto, 2005). Thus, one can see that the
eddy parameterization problem in density equation (19d) consists of two parts: (1)
modelling (u™, w"); (2) modelling . The former has a vast literature starting from
the pioneer work by Gent and McWilliams (1990) whereas the second problem is
rarely discussed. Instead, it has been assumed that X is negligible. However, a fine reso-
lution simulation by Gille and Davis (1999) concluded that the X-term is important.
This conclusion is consistent with the present model which is capable to compute X
(see section 3.1.2).

3.1.1 Parameterization of the eddy induced velocity. In the present work we restrict
ourselves by the lowest order of /'/h in which the transformation formulae are
simplified to yield

_ -1
oo - _
°_ Al o8 p=—Z, u=u, u=u (20a)
0z 0z

McDougall (1998) and McDougall and Mclntosh (2001) compute corrections to the
approximation of (20a) which we do not account for in the present work. Within the
considered approximation, equation (19e) can be rewritten as

b1 09—
ut =h ap(Z“)’ (20b)

i.e. ut coincides with the eddy production velocity u, introduced in (11b). Within the
same accuracy, approximation (13d) is valid and thus we may adopt

ut =u,. (20c¢)
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Corrections to this relation are given in the work of McDougal and Mclntosh (2001).
What remains, is just to express utand «;, in terms of level coordinates. With use of
(20a), (1h—j) we obtain the results below.

Eddy induced velocity:

ut = —«,S, (21a)
L /iL _
s=_ <3a_z> 1407 e x (@-), (21b)
() v
L=—(+ Vpr (210)
0z
Zs -1 Zs
(A) = [ / r'2(z) dz] / A(Z)V*(z)dz, (21d)
['(z) = Tp(2)]- (2le)

Using the same symbol S in equations (1h) and (21a) stresses the equivalence of expres-
sions (1i) and (21b) in the lowest order of /'/h.
The mesoscale diffusivity in (21a) may be derived from equation (1j):

Kn =202 r K (2)'?, 21f)
where
K(z) = K,I'(2) (21g)

and K is computed with use of equation (17a) together with

32 0 12 _ _. oL
b=-20" [ TP x - @) 5 d- (21h)
—H z
0
¢ = =20, (1 +o;1)f*1r;2f la — (@) >I""?(2)dz, (21i)
-H
0
¢ = / NI32(z)dz. (21j)
-H

These relations are equivalent with the adopted accuracy of (14b,c), (17b) in
isopycnal coordinates. In the zeroth approximation for K, in equations (21h—j) we
may use the approximation

[(z) = To(z) = |BiI(2)] = |Bi[p(2)]]° (22a)
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with the normalization B;(0) = 1. To find the correction AT" = I'(z) — I'¢(z), one may
use relation (18b) together with equations (4a—e) in which S is defined in (21b) and

u; = (u) + (1 + o) e —f "31(1 + o,‘l)_lez X <%> (22b)

and the averaging operations (X) and (X), are defined for any function X(z) in (21d)
and as

0
(X)o=H! / ) X(2)dz. (22¢)

As well as in isopycnal coordinates, result (17a) is valid only if it yields K; > 0, other-
wise the model leads to K;=0.

The vertical component of the eddy induced velocity is found from one of relations
(19f) which are consistent only if (u,)o= 0, i.e. u, is pure baroclinic. Result (21a,b,f)
does satisfy this condition in accordance with the common expectation and thus (19f)
yields the condition

wr(0) =wH(=H) =0 (22d)

which is also expected.
3.1.2 Computing the X-term. Using the transformation relations (20a) and

0 9 dpd
Vy =V Vup)—, — =, 23
H ot ( H,O)ap 2z~ 9z 9p (23a)
one may show that within the considered approximation which is of the main order in
the small parameter (8b), the right hand side of equation (7e¢) coincides with X,
equation (19g), multiplied by gp~', i.e.

% =gp 'z, (23b)

The same result may be deduced from the equation for the variance of density fluctua-
tion in the adiabatic approximation
p

5 (77) =2 =TV v (U), =

where U is 3D velocity (u, w). It is usually suggested (see, e.g., Treguier et al., 1997) to
consider a stationary flow, i.e. to neglect the left hand side of (23c). However, such an
analysis is not applicable in the adiabatic approximation. In fact, in the case of station-
ary flows in the complete density equation for 9(p”2)/dt the production term —23p/9z%
is mainly balanced by the dissipation due to the diapycnal mixing. In the adiabatic
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approximation the dissipation is absent. Then, apart from the negligible diffusion and
advection terms (see Appendix C), the production term may be balanced_only by the
adiabatic growth rate of density variance which because of p”2 =2N>W
is proportional to the adiabatic growth rate of eddy potential energy oW/ /or.
Thus, again we arrive at equation (23b). To evaluate X, we may adopt oW /ot ~ €
which, using the results by Gargett et al., (1981), is estimated to be
(1078 — 10~°)m?s>. Therefore, from (23b) we get = ~ (107° — 10~") kgm 2s~! and
therefore 9%X/dz ~ 10~ — 10~ kgm>s~'. This result should be compared with the
contribution to (19d) of the terms containing ut, wt:

+9p

)
ut Vg~ wt Lt L P~ 10 %kgm s, (23d)
0z 0z

The last result is obtained using the typical values dp/dz ~10—3kgm™ and
ut ~ 107 ms~L.

Thus, the contribution of the X-term into equation (19d) must be accounted for. To
express X via (23b) in terms of large scale fields, we need to solve the analogous prob-
lem for aW /dt. To solve the latter, we use the fact that the characteristic time of eddy
energy production whichis L/[u] ~ 10%s,is much longer than the time to achieve the virial
relation W = o,k between column eddy potential and kinetic energy (equation 1.42d).
The latter time is of the order of ry/u' ~ (10° — 10%)s. This implies that the vertical
profiles of W /9t and W are proportional to each other. Thus, we may write

W, w1 W
@OW/) + (0K /at) W+K  1+o W’

(23e)

In the adiabatic approximation, the denominator in the left hand side equals the
column eddy energy production P, given in equations (14a),(21h,i). Expression (13¢)
for W in z-coordinates transforms into

2
W = o',(frdN_l )2<%> K. (23f)

Now we substitute this expression, together with (14a) and (21h,i), into (23e) and
further into (23b) and take into account the relation YW = W dz. After simple manipu-
lations with account for the boundary conditions (I.19a,d), we obtain

o4 aya] @ ? iy,
= =10C, (1 + o7 ) prig™ SN 2[531@)] @1+ 2wt (23g)
where ¢, » 3 are given in equations (21h—j) and

W= / B (23h)
7

h
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In (23g,h) the eigenfunction B|(z) is normalized B;(0) = 1. For numerical evaluations it
is useful to express result (23g) in terms of the surface eddy kinetic energy Kj:

~ i RN 2 _ .
2 =0.1C,"*(1+ o, pfiug™'N 2[8231(2)} K0!, (23i)

Substituting here C; ~ 1, K ~ 210~ m2s 2, 8B, /0z ~ H™', ¢ ~ NH, ¥ ~ H and the
standard values of p,r;,g,f, N, we get, as above, X ~ 10‘(’kgm‘zs_1 and therefore
.~ 10‘9kgm‘3s_l. Since the last result is of order (23d), we conclude that in density
equation (19d) the term X. cannot be neglected and its parameterization in terms of
large scale fields is given in equation (23g).

Notice that due to dB;/dz = 0 at the surface and bottom, expressions (23g,1) satisfy
the boundary condition

»(0) = X(H) =0, (23))

as required for any model for X.

3.2 Eddy parameterization in mean momentum equation

Next, consider the large scale horizontal momentum equation in level coordinates
(without sources)
8ﬁ = = = 8ﬁ = -1 = a d
E—i—u'VHu—}—wa——i—fe:xu:—po Vup — A" — AY, (24a)
Z

where A“ denotes the contribution of adiabatic sub-grid mixing due to eddies fields
and A corresponds to a diabatic sub-grid mixing. As well as in isopycnal coordinates,
the developed eddy model considers only A which further we decompose into the
horizontal and vertical mixing components

/

_ 8
A=Ay +Ay, Ag=u-Vyu'. Ay=w" u

(24b, ¢, d)
0z

where the fluctuating fields u”, w” include only the contributions of horizontal scales
~ rq, that is, only the adiabatic contribution.

3.2.1 Computation of Ay. Instead of expression (24c), Ay may be presented in the
following equivalent form

Ay=e.xFo +VyK, Fo =0, ("=Vyxu'-e. (24e, T, g)
(compare with equations (2d),(3a) in isopycnal coordinates). In analogy with the meth-

odology in isopycnal coordinates, we split F,» into the geostrophic and ageostrophic
components

Fo = F% + F%, F¢ = ¢y, F% ="', (25a)
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Then Ay is split as follows:
A =A%+ A%, A8 =VyK + e, xF5, A% =e, xF%. (25b)

In full analogy with isopycnal coordinates, since ug is divergence free in X'Y-plane and
¢" (24g) is contributed only by uy, one can derive from (25a) that

e. x F¥ = V- [R9], (25¢)

where [R?] is the traceless component of the two dimensional geostrophic Reynolds
stress in X'Y-plane:

R* = ujuy. (25d)

In (25¢) we adopt the notation (3f) with the substitution d, — 5 where 64 is 2D
Kroneker tensor in a horizontal plane. In the approximation (20a), from (3e) and
(25d) we have

[R¥] = [R,] (25¢)

and thus we may use result (4a—¢) together with the definition (22c). Finally, substitut-
ing (25¢) into (25b) and taking into account that

R =0y K +[R?], (25f)
where d is the two-dimensional Kroneker tensor in the horizontal plane, we get
A% = Vg RS, (25¢g)

As for as A“®, it can be obtain by applying relations (20a) and (23a) to (25a,b), (24g).
Indeed,

- 8 /" 8 -1
F% =u/Vg xu’+e. =w,V,xu' e, +ul(Vyp) x (l> . (_,0) . (26a)

0z 0z

Because of (8b), we may substitute dp/3z — 9p/dz in the second term of the right hand
side. In addition, we may substitute here Vzp — Vgp that implies neglecting the triple
correlation. Thus, in the second term, the operator Vj acts on the mean field p whose
characteristic length scale L ~ 10°m. Therefore, here Vi ~ 107°m~! whereas in the
first term V, ~ ;! ~3 x 10> m~! since it acts on the eddy field w'. Therefore, the
second term may be neglected in comparison with the first one. Then from (26a) and
the last relation (3b) we get

F*% =F,. (26b)
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Substituting here result (6¢), with account for (20a) we get
F = [ e, — (o3f) (@ —uy)]K. 27)

where uy is given in (22b).

3.2.2 Computation of Ay. Asin the case of Ay, in definition (24d) we express the fluc-
tuating fields in level coordinates in terms of an isopycnal system where eddy dynamic
equations have been developed. We begin with the field w” which in approximation
(20a) equals w’ given in equation (7c¢). We write the latter equation in Fourier-space
o, q taking into account that its non-linear term (in parenthesis) in the framework of
the present model, may be deduced by integrating the non-linear term — x/’ of the equa-
tion for /' (1.14b) over p. Accounting for also equation (1d) and boundary condition
(I.19a.,d), we obtain

0
W(q) = iq- (@ — u,)2 (@) + w(@)V,7 + 7(@) - / g—; Z(q)dp. (28)

Ps

Now we express the second field du”/dz coming into definition (24d), in terms of fields
in isopycnal system. To this end, we make use of equation (20a) and the geostrophic
relation in isopycnal coordinates in Fourier-space

ou” _ o P ,
(@ = pz%(q) = —iN*f'e. x qZ(q). (29)

Thus, in equations (28),(29) we have expressed the ingredients of the sub-grid term Ay,
equation (24d), in terms of the fluctuating fields in isopycnal coordinates and we are
ready to compute Ay in Fourier space:

5(q — A (q) = Re{w//(q) o™ (q/)}. (30a)

0z

To obtain the spectrum, one needs to integrate (30a) over q’ and n. In accordance with
the general definition of spectra (5g), we obtain

Av(g) =g / Av@dn,  n=q/lql. (30b)

Substituting (28) and (29) into (30a), we notice that the contributions due to the last two
terms in the right hand side of (28) equal zero because of the factor i in front of the last
expression in (29). The other two terms of (28) with account for (7a), (3e) yield the
following result

. _. JR
Av(g) = ¢ u—ug) x e W(g) +(V,2)- ng(q), (30c)



42 M.S. Dubovikov and V.M. Canuto

where W(g), R, (9) are the spectra of eddy potential energy and the geostrophic
Reynolds stress defined in (3e). In carring out the integration in (30b), we have taken
into account relation (6b). The integration (30c) over ¢ reduces to the substitution
of the spectra with the corresponding functions. In addition, we express V,z in terms
of level coordinates and use (25¢). The result is

9 IRE

-1
Ay = —(U,rflf)—IWezx(ﬁ—ud) - |:<£) VH?].E' (31)

3.2.3 Total adiabatic eddy contribution to the mean momentum equations. Substituting
(25b,g), (27) and (31) into (24b), we obtain the total adiabatic eddy contribution to the
mean momentum equations in level coordinates (24a)

AY=V=RE + (02 /) Eit(@ — ug) xe. + B Ke,, (32a)

where E, as well as in (10a), is the total eddy energy, V? is the gradient operator
within a mean isopycnal surface

Er
Vo=V - <82) Vapy - (32b)

With account for (21g), (22a), (23f) in the zeroth order of Qi »t,

3B\’
Eq=K+ W= |:Bf + o,(rqf P’ N2 (8—21) ]K (32¢)

Substituting a tyg)ical value of large scales L~ 10°m and Ei ~ K ~ |R¥| ~
(1072 — 10~*)m?s” " into (32a), we conclude that the first term in the right hand side
dominates and is of order (107% — 10~)ms~2, the second term is smaller almost by
order of magnitude, while the third term is smaller again by order of magnitude.

4. Conclusion

In the present work we have applied the dynamic mesoscale eddy model developed in I,
I1, to compute the eddies contributions to large scale equations. In isopycnal coordi-
nates, we compute the eddy contribution to the adiabatic sub-grid mixing A which
appears in the mean momentum equations (2¢) and contains the gradient of
the Reynolds stress together with the a-geostrophic component of the eddy vorticity
flux; equations (6d), (3g), (4a—f), (1g), (17a,b), (18a,b). The eddy contribution to the
large scale momentum equation differs from the traditional down-gradient parameter-
ization. To compute the eddy contributions to the large scale equations in level coordi-
nates, one needs to transform the eddy fields from isopycnal coordinates. On the basis
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of the transformation formulae and the developed eddy dynamics in isopycnal coordi-
nates, we have computed the eddy contributions to large scale equations in level coor-
dinates. In particular, we have found that the contribution of the residual density flux
across mean isopycnals into the density equation has the same order as the contribu-
tions of the terms with the eddy induced velocity.

Two major topics remain to be studied. First, the mesoscale parameterization must
be completed by the parameterizations in the temperature and salinity equations.
The problem contains a part that is analogous to the X-problem in the density equation
and has not been discussed thus far. Also to be studied is the effect of the strongly
diabatic mixed layer on the eddy fields.
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Appendix A. Computation of the geostrophic Reynolds stress

In accordance with expression for the geostrophic component of the eddy velocity field
(I.5f), we can present the spectrum of the geostrophic Reynolds stress as follows

Ry(q) = ¢ / R, (q) dn, (A1)
R, (@)5(q — 4) = (e, x n)e, x W)5(@)5 (@), (A2)

where n, n’ are the unit vectors in the directions of q, q'. In the zeroth approximation in
the small parameters Q; 7, eigenvalue equation (I.15,16a) has no external directions
and therefore has axi-symmetric solutions. Thus, spectrum (A.2) may be axisymmetric,
i.e. proportional to the 2D Kroneker tensor within an isopycnal surface d, which has
no a traceless component (3f). Thus [Ryo] =0. To get non-axisymmetric terms of
(A.2) which can yield a non-zero contribution to [R], we need to expand the field
s(q) in (A.2) in powers of Q] >t

s(q) = so(q) + s1(q) + 52(q) + - - - (A.3)

As we show in Appendix B, compared to sy(q), the term s;(q) contains the phase factor
1. Therefore the first order correction R; vanishes and so the lowest correction to Ry is
quadratic in s1(q), i.e. is R,. At the same time, the term s,(q) has the same phase as sy(q)
and so the product sos3 also yields a contribution to R,. The detailed computation of
the fields s1(q,z) and s,(q, z) is presented in Appendix B where it is shown that the
main contributions into the both fields are barotropic, i.e. corresponding to n=0 in
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the decompositions like (I.25h). They equal

(K)'2s51(q. )/50(q. pr) = i€, x Iy m, (A.4)

K%55(q, p)/50(q, ps) = (e, x Iy *m)(e, x Iyn) +n-Ty *n + 7,(sgnB)oIm{ws}, (A.5)

where the vectors Iy, I, and the tensor Ty are given in (4b,c), Bi(p) is the eigen function
of (I.25d) normalized Bj(ps) = 1, 7, is the surface value of the variable 7, (I.16c), w,
is the second order correction to w;, (1d), which is computed in Appendix B,
(B.2), K? is the surface kinetic energy in the zeroth approximation. Substituting
(A.3)-(A.5), (B.2) into (A.2), we get

1 1 3 1
K'Ry(q,2) = <Z(1 +c)li-I + EII ‘I + ETrace(Tl +T2)8, + 5(1 + iy

1
AL L) T Tz) Eo(d. py). (A.6)

where Ey(q, py) is the eddy energy spectrum on the surface in the zeroth approximation,
T, is given in (4d). Deriving result (A.6), we have used the following relation:

(2m)~! /ep x ne, x nA -nB-ndn = %A-Bép — é(AB +BA), (A.7)

where A, B are constant vectors. From (A.6) we obtain (4a—d) and (18b).

Appendix B. Computing s; »(q) in expansion (A.3)

Using (I.14c), one can find expansion (A.3) by computing the expansion
B =by+ by +by+--- in powers of Q7. In the spirit of the second relation of
(I.25h), we will search both b, as expansions in the eigen functions B,(p) of the
eigen value problem (I.25d). In section 3.2 of paper I we have shown that the decom-
position of b; is dominated by the barotropic component, i.e. with n=0. The result
(I.27b,c) is equivalent to (A.4) above.

The equation for the second order perturbation b, can be obtained from (I.15,16)
straightforwardly, analogously to (I1.25c¢):

Loby = —iQth; 4+ Q2t°by — iwythy, (B.1)

where w, is the second order correction to the first order result (1d,e); 2 and €,
are given in (I.16d), (18b). To compute w,, we multiply (B.1) by AB;(p) and integrate
over p. The integral of the left hand side of (B.1) yields zero since, as pointed out in
paper I, the expansions of the functions by, b, - - - in eigen functions B,,(p) do not contain
terms with By. Then from the integral of the right hand side we deduce with account
for (A.4):

@[T )= g+ o) @) 4@ w)ga?] (B2)
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where 7, is the value of t at the surface. We use notations (4b.f) as well as the zeroth
order of the kinetic energy profile, (18a). We solve equation (B.1) for b, as we solved
(I.25¢). Namely, writing b, as a series analogous to (I.25h), and using methodology
similar to the one presented in section 3.2 of I, we conclude that the main contribution
to b, comes from the term ayBy = ay which can be found by multiplying (B.1) by 4 and
then integrating over p. Using (1d,e), (I.14c), (18b), (B.2) we arrive at (A.5).

Appendix C. Locality of the eddy energy production

We begin with deriving relation (9c). In accordance with the methodology of the model,
we start from computing the density of the flux Fp in g-space

3(q — q)Fs(q) =ni(q@)B*(q), n=gq/q, (C.1)

where we account for that in g-space the a-geostrophic component of eddy velocity
equals § = ns. Substituting here relations (I.14¢) for B and (I.14a) for § (with account
for the second relation (1d)), we get

8(q — q)Fy(q) = nn- (@ — ug + ¢)ps(q)s™(q). (C.2)

Integrating the result over q' and n, we take into account that in the zeroth approxima-
tion in 2 »7 the field s(q) is isotropic, i.e. s(q) = s(g), and yields the main contribution
into energy spectrum E(g). Using also relation (6b) we get the spectrum of flux (9c)

F(q) = p(a — ug + ¢)E(q). (C.3)

Integrating this relation over ¢, we come to (9c). Substituting the latter into (9b) and
further into (9a), we conclude that the contribution of Fp into (9a) is of the same
order as the advection term (the second term in the left hand side of (9a))which, in
tern, is of the same order as the advection term in the potential energy equation
which is obtained by multiplying (7d) by N°. Let us evaluate, for example, the contri-
bution of the advection term of (9a) to the corresponding column integral. Assuming
u~102ms™', V,~1/L~10%m™!, Ju?=K~ 103m2 > and the dynamical
ocean depth ~ 1 km, we deduce the column contribution ~ 10-%m3s " that should be
compared with the column eddy production (11a) which is valuated below (13e) to
be ~ 10~°m3s . Thus, we conclude that the advection terms are small in comparison
with the eddy production which may be considered as local.

Appendix D. Deriving eddy potential energy in terms of large scale fields

In the lowest order of Qt the eddy field B’ is proportional to the eigenfunction B; of
(1.25Db), i.e.

B = AB,. (D.1)
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To compute 4 under the condition that the normalization is Bj(py) = 1, we express
eddy kinetic energy in terms of B" with use of (I.5¢), (7e), (14c) and (1d)

1 o
K=30, "(rapof) > B2 (D.2)

and substitute here (D.1). We get

1 -
K(p) =507 (rapaf) > A*Bi(p) = K;Bi(p) (D.3)
that yields
A% = 20,(rapof ) K. (D.4)

Substituting (D1,4) into (7a) with account for (I1.6d), we obtain (13e).
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